(* Elliptic PDE

Taskl: 1.1. Solve the Laplace equation: 9y yu(x,y)+8y yu(X,y)=
0 over the interval Q=[0,§]x[0,7r], with the boundary conditions: u[0,y]=Sin[y],
u[x,O]:Sin[2x],u[12',y]=0,u[x,7r]=0. Take a 4 by 3 grid.
1.2 Increase the size of the grid by an order of magnitude. Try
to adjust the nunber of iterations for a better precission x)
Clear ["" %"1];

T
a=0; b=—;¢c=0; d=m
2

fIx_, y_1=0;
m=4; n=3;
b-a d-c

= ; ko= o=

m n

7 7 2
2+\/4-(003[R]+003[m])
Print ["The opti mal weighted average is ", N[w]];

(» The list of points,
where xg and yg are replaced by x; and y;, respectively: =)
X1 =4a; Y1=¢C;
For[i =1, 1 sm i ++,
Xis1 = Xj +h; Print["x"i,1,
For[j =1, ) sn, j++,
Yiar=Yj +k Print["y"j., "=, yiali s
(» As a consequence of the increased initial index,
the last point will be given by (Xmi1, Yn.1). *)

="r Xi+l];];

(» Initial conditions: =)
u = Table[5.00, {m+1}, {n+1}1;
For[i =1, i <=m+1, i ++, ug 13=Sin[2x;]]1;
For[i =1, i <=m+1, i ++, Ug nsp=01;
For[j =1, j <=n+1, j++, up jp=Sinf[yj]];
For[j =1, j <=n+1, j++, Ugm.1,j3=0];
uO =u; Print["u=", Matri xForm[N[u]l]l;
Err =1.0;
V\hile[And[Err >0.001, k <201,
Err = 0.0;
For[i =2, I =sm i ++,
For[j =2, j sn, | ++,
r2
) 2 (1L+r?2)
1 2
[UO[[i+l,j]]+U[1i—1,j]]+_2 (UOgi jaag +ugi j-13) -h*F[xi, yj ]|+ (1-w) uOg jy;
r

Err = Max[Err, Abs[ug j3-uOp jp]] ]; ];
uo = u;
Print ["Max grid change = ", Err];
k=Kk+1; ];
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Print ["The nunerical solution to the P.D.E. "1];
Print [" oy xU(X,y)+dy yu(x,y)=0"];
Li st Pl ot 3D[Tr anspose[u], AxesLabel - {"y", "x", "u "3},
Vi ewPoi nt » {4, 2, 3}, Lighting > Fal se, Col or Functi on - Hueg];

Print ["The nunerical solution to the P.D.E."1;
Print ["ay xU(X,y)+dy yu(x,y)=0"];
Print [Nunber For m[Tabl eFor m[N[u]], 411;

Print ["The nunerical solution to the P.D.E. "1];

Print [" oy xU(X,y)+dy yu(x,y)=0"];

Li st Cont our Pl ot [Reverse[u], Col or Functi on -» Huel;

(* Task2: Solve Poissons's equation: 8, xU(X,Yy)+0y yu(X,y)=

e (*¥*) over the interval @=[0,1]x[0, 1],
with the boundary conditions: u|s=0. Take a 9 by 9 grid. =)

(» Task3: 3.1 Solve the problem formulated at taskl for a large grid (30x50),
but instead of the Succesive Over Rel axation nethod,
use Mathematica's predefined NSove to find the solution
of the system approximating the given Dirichlet problem
3.2 Conpare the result with the exact solution. =)

Clear [" %"1;
T
a=0;, b=—;¢c=0; d=m;
2
f[X_x y_] =O;
m=30; n = 50;
b-a d-c k
= ; k= ;==
m n h

(» Initial conditions: =)
fily_1=Sin[y]; (= left %) f,[y_1=0; (% right =)
fe[x_1=0; (xtop %) fp[x_]=Sin[2xXx]; (% bottom )
For[i =0, i sm i ++,
Xi =a+i *xh; U o=Ffp[Xi1; Ui n=Fft[X11;
For[j =0, j 5N, | ++,
yi =c+j «ki uoj =fi[yj]s umj =fc [y ]]:
(» 3.1 %) (* Unknowns: =)
Nec = Flatten[Table[u; j, {i, 1, m-1}, {j, 1, n-1}], 1];
Eq =
Flatten[Table[r? (Ui_1,j +Ui.1,j) + Ui joa+Ui jaa-2x (r2+1) «u j ==r?«h®«f[x, y;],
(i, 1, m-1}, {j, 1, n-1}], 1];
sol = NSol ve[Eq, Nec];
solut = First [Nec /. sol 1;

(» the approximated solution: =)
Unum= Tabl e[O, {i, O, m}, {j, O, n}1;
Unum[[1]] = Tabl e[uo,j, {j, 0, n}]; Unum[[m+1]] = Table[un;, {j, 0, n}];
For[i =2, i <sm i ++, Unum[[i]] =
Join[{ui_10}, Table[solut [[[ 11, {i, n* (i -2) - ( -3), (i =1) *» (n-1)}], {Ui_1n}]];
Print ["The approxi mated solution is: "71;
Print ["Unum= ", N[Unum// Matri xForm]];

Print ["The nunerical solution to the P.D.E."1;
Print [" oy, xU(x,y)+dy yu(x,y)=0"];
Li st Pl ot 3D[Tr anspose [Unum], AxesLabel - {"y", "x", "u "3},
Vi ewPoi nt » {4, 2, 3}, Lighting - Fal se, Col or Functi on - Huel];
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(» 3.2 %) (* The exact solution feyx)

Sinh[Z-x] Sinh[2% (m-y)] _
fex[X_, Y] = — *xSin[y] + - *Sin[2xXx];
Sinh[~] Si nh[2 % 7]
2
Uex = Tabl e[fex[xi, ¥j], {i, 0, m}, {j, O, n}];
Print ["The exact solution is: "7J;
Print ["Us= ", N[Us /7 Matri xForm]J;
Print ["The | argest error is: ", Max[Abs [Unum-U111;

(» Task4: 4.1 Solve the problemw th Neumann and Dirichlet conditions:
Au=1 with u(0,y)=u(x, 0)=0; axu(iz', y)=8yu(x, 7)=0, in the donmain @=(0, é’)x(o, 7).
4.2 Conpare the result with the exact solution. %)

Clear [" %"1;
T
a=0;, b=—;¢c=0;d=m
2
f[X_, y_] =1;
m=6; n=12;
b-a d-c k
= 'k= , r=—;
m n h

(» Set of points: =)
For[i =0, i sm i++, X; =a+i =h;7;
For[j =0, <N, j++, yj =C+j *k;];

(» 4.1 %) (» Unknowns: «)
Nec = Flatten[Table[u; ;, {i, 0, m, ¢, 0, n}], 1];
Eq =
Flatten[Tabl e[r?« (Uj_1,j +Ui,1,j) +Uijoa+ Ui jaa-2% (r?+1) «uj ==r?«h®«f[x;, y;],
(i, 1, m-1}, {j, 1, n-1}], 1]U
Table[uj o ==0, {i, 0, m]UTable[up; ==0, {j, 1, n}] U
Table[um_zyj -4 %Up1,j +3*Upj =0, {j, 1, n}]U
Table[uj n2-4*Uj n.1+3*Uj =0, {i, 1, m-1}1;
sol = NSol ve[Eq, Nec];
solut = First [Nec /. sol 1;
(» the approximated solution: =)
Unum= Tabl e[O, {i, O, m}, {j, O, n}1;
Unum[[1]] = Tabl e[ug,j, {j, O, n}]; Unum[[m+1]] = Tabl e[un;j, {j, 0, n}];
For[i =1, i <m+1, i ++, Unum[[i]] =Table[solut [[j1], {J, n* (i =1) +i, i * (n+1)}]11;
Print ["The approxi mated solution is: "7J;
Print ["Unum= ", N[Unum// Matri xForm]];

Print ["The nunerical solution to the P.D.E. "1;
Print ["ax xU(X,y)+dy yu(x,y)=0"];
Li st Pl ot 3D[Tr anspose [Unum], AxeslLabel - {"y", "x", "u "3},
Vi ewPoi nt » {4, 2, 3}, Lighting - Fal se, Col or Functi on -» Huel;
(» 4.2 %) (* The exact solution feyx)
4 100( 1 [1 Cosh[ (2] +1) % (;r-Yy)]

fex[X_, Y_1=-— % *Sin[@2x] +1) xx]];

*
m L@l +1)8
Uex = Tabl e[fex[xi, ¥j], {i, 0, m}, {j, O, n}];
Print ["The exact solution is: "7J;
Print ["Us= ", N[Us /7 Matri xForm]7;
Print ["The | argest error is: ", Max[Abs [Unum-Ue111;

Cosh[ (2] +1) %]



